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Micromechanical model of nacre tested in tension
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A modified shear lag theory is used to model the tensile behavior of Pinctada nacre. A
two-dimensional model is used to analyze the stress transfer between the aragonite
platelets of nacre assuming that the ends of the platelet are not bonded with the organic
matrix. Elastic-perfectly plastic behavior of the organic matrix is assumed. A model for
stress transfer between the platelets when the matrix between the platelets starts behaving
plastically is developed. It is assumed that nacre fails when the matrix breaks after the
ultimate shear strain in the matrix is exceeded. This theory can be used to model the stress
transfer in platelet reinforced composites at high volume fractions.
C© 2001 Kluwer Academic Publishers

1. Introduction
Nacre is a molluscan shell material containing 95%
calcium carbonate by volume that is held together by
an organic matrix. The calcium carbonate phase is in
the form of polygonal-shaped aragonite platelets [1].
The platelets are separated on the sides and the ends by
a thin layer of a protein-polysaccharide matrix [1, 2].
The arrangement and the aspect ratio of the platelets
are different in different mollusc species.

The platelets in nacre are about 0.5µm thick with
lengths of about 4µm. The platelets inPinctadanacre
are arranged in the form of lamellae with neighboring
platelets overlapping by 50% [1, 3]. This microarchitec-
ture leads to a composite with toughness and strengths
an order of magnitude higher than that of clumped arag-
onite mineral or that of the organic alone. In order to
mimic these properties of nacre, we need to have a fun-
damental understanding as to the origin of the mechan-
ical behavior in nacre. The elastic modulus of nacre
has been modeled earlier assuming both overlapped
platelets and non-overlapped platelets [3]. However, the
stress transfer between the overlapped platelets as well
as the plastic behavior of nacre tested in tension has not
been investigated.

Therefore, a simple 2-D shear lag model is used
to investigate the stress transfer between the over-
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lapped platelets. Since the shape and organization
of the mineral as well as the mechanical properties
of Pinctadanacre and its constituents are known, a
model for the tensile behavior ofPinctada nacre is
developed.

2. Analytical model
The stress transfer in a unit cell consisting of a quar-
ter of two overlapped platelets in adjacent layers is
modeled (Fig. 1a). The space between the sides of the
platelets occupied by the matrix is exaggerated to make
the choice of co-ordinates clear. The organic matrix at
the sides of the two overlapped platelets is assumed to
be in the form of shear springs.

The following assumptions are made in the analysis:

1) the platelets are assumed to be of uniform width,
rectangular in shape and isotropic

2) the platelets are uniformly arranged such that they
are fully overlapped

3) the platelets carry the axial stresses and the stress
is transferred from one platelet to the other by shear in
the matrix

4) the matrix at the ends of the platelets contributes
little to the stress transfer
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Figure 1 (a) The unit cell made up of two overlapped bone mineral
platelets and (b) The unit cell made up of two overlapped bone mineral
platelets divided into three regions. At the two ends of the unit cell, the
matrix is deforming plastically.

5) shear stresses in the organic on the sides of the
platelets is assumed to be constant

6) deformation and stresses perpendicular to the di-
rection of applied stresses are ignored

7) elastic modulus is derived assuming that no inter-
face is present and bonding is perfect

8) residual stress effects are neglected
9) the organic is assumed to be elastic-perfectly plas-

tic in shear and fails when ultimate shear strain is
reached

The platelets have a thickness ‘2t ’, length ‘2L ’ and
width ‘w’. The separation between the platelets on the
sides is ‘t3’. Because of symmetry, the stress transfer in
two quadrants of the two overlapped platelets is mod-
eled (Fig. 1a). The subscripts ‘1’, ‘2’ and ‘3’ denote the
properties of platelet ‘1’, platelet ‘2’ and the matrix ‘3’
respectively.

The equilibrium between the axial stress,σx, and the
shear stressτxy (=τ ), is

∂σx

∂x
= −∂τ

∂y
(1)

Integrating Equation 1 over the thickness of the
platelets in the ‘y’ direction and dividing by the thick-
ness we get:

dσ1x

dx
= −τix

t
and

dσ2x

dx
= τix

t
(2)

whereσ1x andσ2x represent the average value of axial
stress over the thickness of the platelets ‘1’ and ‘2’
respectively in the ‘x’ direction. ‘τix ’ is the interfacial
shear stress (shear stress on the surfaces of the platelets)
in the ‘x’ direction. The axial stresses in the platelets
‘1’ and ‘2’, σ1x andσ2x, are assumed to remain constant

in the ‘y’ direction. One platelet is gaining load and the
other platelet is giving off load resulting in the negative
sign in front of one equation. This is the same as the
stress transfer equation that was derived for platelets
earlier [4].

The difference between the displacements of the
platelets ‘1’ and ‘2’ gives the shear displacement in
the matrix assuming that the stress and displacement in
the ‘y’ direction is negligible. This results in:

u2x − u1x = t3γ3x (3)

where ‘u1x ’ and ‘u2x ’ are the displacements of platelet
‘1’ and ‘2’ respectively in the ‘x’ direction and ‘γ3x ’
is the ‘x’ component of the shear strain in the matrix
between the two platelets.

Differentiating Equation 3 with respect to ‘x’, sub-
stituting for the shear strain in terms of the shear
modulus and shear stress (τix) and using hooke’s law
(ε1x = σ1x/E1 andε2x = σ2x/E2) we have,

σ2x

E2
− σ1x

E1
= − t t3

G3

d2σ1x

dx2
(4)

Since we assume that the load carried by the two
platelets is ‘2P’, we have,

σ1x + σ2x = 2P

wt
(5)

substituting Equation 5 in Equation 4,

d2σ1x

dx2 −
G3

t t3

(
1

E1
+ 1

E2

)
σ1x = − 2P

wtE2

G3

t t3
(6)

The solution of the differential Equation 6, assuming
both platelets have the same elastic modulus (E1= E2),
is of the form

σ1x = P

wt
+ Acoshαx + B sinhαx (7)

where ‘A’ and ‘B’ are constants to be determined from
the boundary conditions and

α =
√

G3

t3 t

2

E1

Equation 7 gives the variation in the axial stress in
platelet ‘1’ along the ‘x’ axis.
The following boundary conditions are used to obtain
the constantsA andB: -

σ1x(atx = L) = σ2x(atx = 0)= 0

σ1x(atx = 0)= σ2x(atx = L) = 2P/wt

Using the boundary conditions given above we have

A = P

wt
; B = − P

wt

(
1+ cosh (α L)

sinh (α L)

)
; (8)
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Differentiating Equation 7 and using Equation 2 one
can obtain the shear stresses on the platelet surface.
This gives:

τix = −tα(Asinh (α x)+ B cosh (α x)) (9)

Using Equation 5 and Equation 7, the axial stresses in
platelet ‘2’ can be determined. The average stresses in
the real platelets are obtained by averaging the stresses
from Equation 7 over the length of the real platelet.

The average stresses carried by the real platelet ‘1’
and ‘2’ in the overlap and non- overlap regions are: -

σ1x = 1

L

∫ L

0
σ1x dx= P

wt

(10)

σ2x = 1

L

∫ L

0
σ2x dx= P

wt

where the bar on top of the stresses represents the av-
erage stresses.

The total strain in the composite is obtained in terms
of ‘ P/wt’ by using the one-dimensional Hooke’s law
(ε= σ/E). The total strain is given by:

εtotal =
Lσ1x

E1
+ τi |x= 0t3

G3

L

or

εtotal =

(
L

E1
+ t t3α

G3

(
1+ cosh (α L)

sinh (α L)

))
P

wt
L

(11)

Neglecting the axial stress carried by the organic, the
elastic modulus of the composite is,

Ec = V1x σ1x + V2x σ2x

εtotal

= 2t L

(2t + t3)

(
L

E1
+ t t3α

G3

(
1+ cosh (α L)

sinh (α L)

))
(12)

where V1x and V2x are the volume fractions of the
platelets ‘1’ and ‘2’ respectively. This equation is valid
only at high volume fractions of platelets (>90%), as
is the case in nacre.

The load is transferred elastically till the shear stress
in the matrix at the ends of the platelets reaches the shear
yield stress (τmy). Using Equation 9, withτix = τmy (at
x= 0), we can obtain the applied stress ‘P/wt’ when
the matrix at the ends of the unit cell begins to yield.

P

wt
= τmy

tα

sinh (α L)

(1+ cosh (α L))
(13)

Using this value of ‘P/wt’ in Equation 11, we can
obtain the strain at which the organic starts to yield.

When the shear stress at the ends of the platelets ‘1’
or ‘2’ reaches the yield shear stress of the matrix, the
matrix is assumed to strain in shear at a constant stress,
which is the shear yield stress (τmy) of the matrix. The
unit cell is divided into three regions based on the stress
transfer that takes place. The region at the two ends
of the unit cell, of length ‘mL’, is the region where
the shear stress has reached the shear yield stress of
the matrix (τmy). ‘m’ is the fraction of the overlapped
length ‘L ’. The value of ‘m’ varies between 0 and 0.5.
When the shear stress over the surface of the entire
platelet has reached the yield shear stress of the matrix,
m= 0.5. The region of length ‘(1− 2m) L ’ at the center
of the unit cell, where the elastic stress transfer takes
place has its origin at ‘x’ (Fig. 1b).

The total stress transferred between the platelets is
given by:

σ1x + σ2x = 2P

wt
+ 2τmymL

t
(14)

After the matrix has yielded, Equation 14 is used in-
stead of Equation 5 in the derivation for the axial stress
transfer in the region where the stress transfer is elas-
tic. Using the same steps as previously and assuming
E1= E2, we get,

σ1x = P

wt
+ τmymL

t
+ Acoshα x + B sinhα x (15)

where ‘A’ and ‘B’ are constants to be determined from
the boundary conditions and

α =
√

G3

t3 t

2

E1

In the elastic region at the center of the unit cell
(Fig. 1b), Equation 15 is used for the axial stress transfer
along platelet ‘1’. The boundary conditions used are
changed to:

σ1x(atx = (1− 2m)L) = σ2x(atx = 0)= τmymL/t

σ1x(atx = 0)= σ2x(atx = (1− 2m)L)

= 2P/wt+ τmymL/t

Using the boundary conditions given above we have

A = P

wt
; B = − P

wt

(
1+ cosh (α(1− 2m)L)

sinh (α(1− 2m)L)

)
;

(16)

Differentiating Equation 15 and using Equation 2 one
can obtain the shear stresses on the platelet surface. This
gives:

τix = −tα(Asinh (α x)+ B cosh (α x)) (17)

The shear stress at ‘x= 0’ or at ‘x= (1− 2m)L ’ is
the shear yield stress of the matrix ‘τmy’. Using this,we
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find the stress ‘P/wt’ that is transferred in the elastic
region. This gives,

P

wt
= τmy

tα

sinh (α(1− 2m)L)

(1+ cosh (α(1− 2m)L))
(18)

It is seen that as the value of ‘m’ tends to 0.5, ‘P/wt’
goes to zero.

The stress in the platelet ‘2’ is obtained from Equa-
tion 14. The average stress in the platelets are obtained
by integrating between ‘x= 0’ and ‘x= (1− 2m) L ’
and dividing by the length of the region where elastic
stress transfer takes place. This gives: -

σ1x = P

wt
+ τmymL

t
(19)

σ2x = P

wt
+ τmymL

t

In the region at the two ends of the unit cell where
the yield stress is constant,

dσ1x

dx
= −τmy

t
and

dσ2x

dx
= τmy

t
(20)

Integrating these with respect to ‘x’, and using
the boundary conditions, (i) atx= 0; σ1x = 2P/wt+
τmymL/t and (ii) atx= 0; σ2x = τmymL/t , we get,

σ1x = 2P

wt
+ τmy(mL− x)

t
and

σ2x = τmy(mL+ x)

t

The average stress in the platelets ‘1’ and ‘2’ in
this region is obtained by integrating the stresses from
‘x=−mL’ to ‘ x= 0’. They are given as:

σ1x (shear yield region)= 2P

wt
+ 3τmymL

2t
(21)

σ2x (shear yield region)= τmymL

2t

The shear strain in the matrix in the region where
the matrix is yielding at a constant shear stress (τmy)
is calculated from the effective shear modulus (G1

3x).
The effective shear modulus is defined as the slope of
the line connecting the shear stress—shear strain curve
after the matrix has yielded to the originG1

3 (Fig. 2). It
is derived as follows:

γ3x = τmy

G1
3x

(22)

Differentiating Equation 22, with respect to ‘x’, we get,

dγ3x

dx
= τmy

d

dx

(
1

G1
3x

)
(23)

Figure 2 Idealized shear behavior of the organic. The shear mod-
ulus before (G3) and the effective shear modulus after (G1

3) the matrix
yields.

Using Equation 23 in Equation 4 and using Hooke’s
law (ε= σ/E), we obtain,

σ2x

E2
− σ1x

E1
= t3τmy

d

dx

(
1

G1
3x

)

Substituting Equation 14 into the above equation,

t3τmy
d

dx

(
1

G1
3x

)
= 2P

wtE1
+ 2τmymL

t E1
− 2σ1x

E1
(24)

Differentiating Equation 24 with respect to ‘x’ then
substituting Equation 20, we obtain,

d2

dx2

(
1

G1
3x

)
= 2

t t3E1

Integrating the above equation twice with respect to
‘x’, we get,

1

G1
3x

= x2

t t3E1
+ K1x+ K2 (25)

Using the following two boundary conditions in the
above equation:

At x = 0,G1
3x = G3

At x = 0, σ1x = 2P/wt+ τmymL/t (in Equation 24)

We obtain,

1

G1
3x

= x2

t t3E1
− 2(P/wt)x

t3 E1 τmy
+ 1

G3
(26)

The total strain in the composite is given by:
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εtotal =


mL σ1x (shear yield region)

E1
+ (1− 2m)L σ1x (elastic region)

E1

+mL σ2x (shear yield region)

E1
+ τmy t3

1

G1
3x

∣∣
x=−(mL)


L

The above can be simplified to,

εtotal =

[
L

E1

(
P

wt
+ τmymL

t

)
+ τmy t3

1

G1
3x

∣∣
x=−(mL)

]
L

(27)

It is seen that for a particular value of ‘m’, we can obtain
‘ P/wt’ from Equation 18 and hence we can calculate
εtotal.

The total stressσc is obtained by balancing the ap-
plied load at any cross-section in the composite. It is
given by:

σc = V1x σ1x + V2x σ2x =


(

P

wt
+ τmymL

t

)
2t

2t + t3


(28)

The applied stress ‘σc’ is determined for a particular
‘m’ after using the value for ‘P/wt’ from Equation 18.

The composite is assumed to fail when the ultimate
shear strain of the matrix is exceeded.

3. Results and discussion
A simple shear lag theory has been developed that takes
into account the interactions of the stresses between the
overlapped platelets. In this study, a closed form solu-
tion has been obtained to relate the elastic modulus of
the composite to the material properties. The shear lag
theory developed here is applicable only to high volume
fractions of platelet reinforcements (>90%). This is be-
cause we have not considered the stress transferred in
the overlapped portion of the unit cell (Fig. 1). The pre-
vious shear lag theories that have been developed [5, 6]
only accounted for the interactions between overlapped
fibers and not between overlapped platelets. None of
the theories developed earlier has attempted to develop
closed form solutions for the elastic moduli as high
volume fractions (>90%) are not possible with fiber
reinforcements. We have analyzed the stress transfer
when the shear yield stress remains constant. Previous
studies have analyzed the effect of work hardening of
the matrix and debonding after the shear yield stress is
reached [5].

The volume fraction of the platelets is 0.95 while
the average aspect ratio of the polygonal platelets is
assumed to be 8 along the plane of the platelets. The
thickness as well as the length of the aragnonite platelets

varies between the lamellar layers and only the aver-
age values are used here (0.25µ for half the thick-
ness and 2µ for half the length as shown in the unit
cell—Fig. 1a). The aragonite platelets are orthorhombic
with varying elastic moduli along the different crystal
planes [7]. Thec-axis of the aragonite platelets in nacre
is perpendicular to the plane of the layers, while thea-
axis is oriented in different directions in the plane of
the layers [8]. The elastic modulus of a synthetic arag-
onite platelet in the plane of the nacreous layers varies
between 77 and 148 GPa [7]. The elastic moduli of the
aragonite platelets in nacre are most likely lower than
those determined for a synthetic crystal of aragonite.
The average value of the elastic modulus of the arag-
onite platelets along the plane of the platelets,E1, is
assumed to be 100 GPa [3]. We assume that the ulti-
mate strength of the aragonite platelets is not reached
during tensile testing. The thickness of the organic ma-
trix based on its volume fraction of 0.05% is calculated
to be 0.028µ. The shear moduli of the wet and dry
matrix are experimentally found to be 1.4 and 4.6 GPa
respectively [3]. The interfacial shear stresses at which
the wet and dry matrix yields (τmy) are experimentally
determined to be 37 and 46 MPa respectively [3]. The
mechanical behavior of nacre in shear has been as-
sumed to be elastic-perfectly plastic (Fig. 2). This is
a simplification as the individual organic matrix fibers
in nacre are made of domains or loops that are pulled
open at different strains [9]. However, the average shear
behavior of a group of matrix fibers can be repre-
sented by the idealized elastic-perfectly plastic model
(Fig. 2).

The elastic modulus predicted by the simple model
(Equation 12) for the wet and dry nacre is 63 and
75 GPa respectively. This compares with the experi-
mental values of 64 and 73 GPa for the wet and dry
nacre in the across direction [3]. It is noted that the
theoretical values are within 3% of the experimental
values. The elastic modulus of nacre is sensitive to the
shear modulus and thickness of the organic matrix, the
aspect ratio and the elastic modulus of the aragonite
platelets (Equation 12). Discrepancies of upto 10% in
each of these parameters will cause a maximum differ-
ence of 15% in the calculated elastic modulus values.
We have assumed no stress transfer through the ends of
the platelet in the simple model. Based on the appar-
ent agreement between the theoretically predicted val-
ues and the experimental measurements for the elastic
modulus, the contribution of the matrix at the ends of
the platelets would seem to be negligible. This would
indicate that the elastic modulus of the organic matrix
at the ends of the platelets is lower than that on the
sides of the platelets. The effect of an interphase with
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Figure 3 Shear stress transfer along the surface of platelet ‘1’ from the
right end to the left end of the unit cell.

mechanical properties lower than that of the bulk or-
ganic matrix as well as the effects of bonding between
the platelets and the matrix has not been considered.
A matrix fiber with low volume fraction that acts as
a shear spring made of several domains or loops can-
not cover the entire platelet surface. This would mean
that stress transfer would occur at discrete points on the
platelet surface and not over the entire surface resulting
in a decrease in the elastic modulus. This has not been
considered in this study.

The shear stresses along the length of the platelet
‘1’ obtained from Equation 9 and the axial stresses
from Equation 7 are normalized by the applied stress
and are plotted from the left end of platelet ‘1’ to the
right end of platelet ‘1’. The shear stresses for both,
the dry and wet nacre, are plotted in Fig. 3 while the
axial stresses are plotted in Fig. 4. It is seen that the
shear and axial stress transfer for wet nacre (matrix with
lower shear modulus,G3= 1.4 GPa) is more uniform
than that of dry nacre (matrix with higher shear mod-
ulus,G3= 4.6 GPa). The shear stress concentration is
higher at the ends of the unit cell for dry nacre while
it is lower at the center of the unit cell as compared
to wet nacre (Fig. 3). The axial stress concentration
at the center of platelet ‘1’ is similar for both the wet
and dry nacre and is equal to twice the applied stress.
From the assumptions, the axial stress at the end of the

Figure 4 Axial stress transfer along platelet ‘1’ from the right end to the
left end of the unit cell.

platelet ‘1’ is zero in both cases. This is an approxima-
tion since the matrix at the ends of the platelets transfer
axial loads. But the approximation is justified, as the ex-
tent of load transfer through the ends of the platelets is
small.

The matrix at the ends of the platelets reaches
the shear yield stress when the applied stresses are
69 and 49 MPa for wet and dry nacre respectively
(Equation 13). The dry nacre yields at a lower applied
stress in spite of having a higher shear yield stress as
the shear stress concentration at the ends of the unit
cell are higher for dry nacre when compared with wet
nacre (Fig. 3). The experimentally measured strength
values of wet and dry nacre are 130 and 167 MPa re-
spectively [3]. Using these values and Equation 28, it
is predicted that the composite fails when ‘m’ reaches
0.30 and 0.38 for the wet and dry nacre respectively
(i.e. when the matrix is yielding over 59% and 77%
of the platelet surface). The shear strain in the matrix
at the ends of the unit cell obtained from Equation 22
and Equation 26 for these values of ‘m’ are found to
be 8.5% and 7.1% respectively. We have assumed that
when the shear strains in the matrix reach these values,
the matrix fails. The remaining matrix cannot transfer
the applied loads between the platelets and the com-
posite fails. The ultimate shear strain values indicate
that a large amount of plastic deformation takes place
in the organic matrix. This is supported by the observa-
tion that the plastic deformation of the organic matrix
resulting in relative motion of the aragonite platelets
is responsible for the high toughness values obtained
by nacre [2]. The large plastic deformation at the shear
yield stress is due to averaging of the breaks in the loops
or domains of the organic matrix fibers.

The stress-strain curves for wet and dry nacre are
plotted in Fig. 5 until the experimentally attained ulti-
mate stress values are reached. The point at which the
matrix at the ends of the unit cell begins to yield is also
shown. The axial stress at the center of platelet ‘1’ at
the failure point is 260 and 334 MPa for the wet and
dry nacre respectively. Thus, the strength of an indi-
vidual aragonite platelet is greater than 334 MPa. The
presence of a small amount of matrix between the over-
lapped platelets with high ultimate shear strains enables
the primarily aragonite solid to possess high values of
toughness.

Figure 5 Tensile stress-strain behavior from the model.
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4. Conclusion
In conclusion, a simple model has been developed to
model the tensile behavior ofPinctadanacre. The de-
veloped theory agrees well with the experimentally
obtained values. Composites having high values of
toughness can be manufactured from platelets with
small aspect ratios provided the matrix between the
platelets could be engineered to have high shear strains.
In the case of an organic matrix, high shear strains can
be obtained through the presence of loops or domains
that break at different strains.
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